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Cavity-mediated dissipative spin-spin coupling
Vahram L. Grigoryan1 and Ke Xia1, ∗
1Institute for Quantum Science and Engineering, Southern University of Science and Technology, Shenzhen 518055, China
We study dissipative spin-spin coupling in dispersive regime mediated by virtual photons in a microwave
cavity. Dissipative coupling between magnetization of each magnetic material and the cavity photons is estab-
lished by means of two phase shifted driving forces acting on each magnetization. We show that when only one
of the magnetization is dissipatively coupled to the cavity, the cavity-mediated spin-spin coupling too, exhibits
mode level attraction in the spectrum. By tuning the phase parameter at each ferromagnetic insulator we can
shift the order of "dark" and "bright" collective modes with phase difference equal to 0 or pi. Moreover, by
selectively applying the phase shifted field it is possible to construct "dark" and "bright" collective modes with
phase difference equal to±pi/2.
I. INTRODUCTION
Recent progress in hybridization of magnons (collective
spin excitations) in yttrium iron garnet (YIG) ferrimagnetic
insulator (FI) with microwave cavities makes the coupled
magnon-photon system a good candidate for hybrid quan-
tum devices.1,2 Strong and ultra strong coupling3–5 between
magnons and microwave photons has been realized due to
low damping and high spin density in YIG magnetization.6–10
Due to possibility of coupling magnon modes to various os-
cillators, cavity photons are good candidates for mediating
long distance indirect coupling of hybrid systems. Exam-
ples of different systems coupled using this approach are spin
ensembles,11,12 double quantum dots,13 and hybrid systems14.
Cavity mediated dispersive coupling between two mag-
netic systems has been discussed both theoretically15 and
experimentally.16 One of such systems has been proposed by
Zhang et. al. in Ref. 17, where they show that coherent super-
position of coupled magnon states generates magnon "dark"
and "bright" modes, formed due to out of phase and in phase
oscillations in two magnons, respectively. The key property
of "dark" mode is that it is decoupled from the cavity which
enhances the coherence time, providing a platform to imple-
ment magnon gradient memory.17 Existence of "dark" modes
has also been addressed in antiferromagnets.18,19 Realization
of "dark" mode memory in Ref. 17 is based on encoding in-
formation into the bright mode with subsequent conversion of
the mode into "dark" with enhanced coherence time.
Due to inherent dissipative nature20 of cavity and spin sys-
tems, the spin-photon coupling is not limited to coherent inter-
actions. It was proposed recently, that dissipative spin-photon
coupling21,22 reveals mode level attraction at exceptional
points (EP), which opens new avenue for exploring cavity-
spintronics in the context of non-Hermitian physics.23–27 The
nontrivial topology of the EP leads to coalescing of two eigen-
states with phase difference of ±pi/2. This leads to chiral-
ity of the eigenstate.28,29 Together with exciting new effects
in light-matter interactions,21,24–27 the discovery of dissipative
spin-photon coupling reveals new opportunities of exploring
hybridization of collective spin modes.
Here, we address the cavity mediated dispersive coupling
between spatially separated magnetizations in the presence of
phase-controllable fields on both FIs. First, we reproduce
the results of dispersive spin-spin coupling in the absence
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Figure 1. Schematic picture of the system
of phase shifted field, where the "dark" and "bright" modes
are obtained from the microwave signal transmission through
the cavity.15,16,19 When both FIs are exposed to phase shifted
field, we obtain mode level anticrossing with opposite order
of "dark" and "bright" modes. When only one of the magne-
tizations is under the action of phase shifted field, the indi-
rect spin-spin coupling becomes dissipative with mode level
attraction. In contrast to coherent coupling,15,16 where col-
lective modes are formed from m1 ±m2 (depending on sign
of the effective coupling,15,30) here we show that the chiral
modes are formed as m1 ± im2, where the ign depends on
which FI is under the phase shifted field. mi is the magneti-
zation direction in ith FI. Moreover, we show that by either
changing the phase shifted field or detuning between two fer-
romagnetic resonance (FMR) frequencies, we can change the
chirality of the state. Themodel of dissipatively coupled oscil-
lators in this approach can be applied in variety of alternative
systems such as magnon-superconducting qubit coupling,31
hybridization between two mechanical modes.32
II. THEORETICAL FORMALISM
In Fig. 1 we schematically illustrate the system, where two
magnetic materials are placed in a microwave cavity. We as-
sume that the FIs are placed far from each other to ensure
isolation and exclude direct coupling between the magneti-
zations. Our calculations are based on semiclassical model,
where the microwave oscillations in the cavity is represented
by an effective LCR circuit equation and Landau-Lifshitz-
2Gilbert (LLG) equation10,21,33 describes the dynamics of spin
in magnetic materials. Faraday induction of FMR34 and the
magnetic field created by Ampere’s law10 are two classical
coupling mechanisms. We assume that the crystal anisotropy,
dipolar and external magnetic fields are in zˆ direction. The
effective LCR circuit for the cavity is10,21,23,33
Lj˙+Rj+ (1/C)
∫
jdt = VF , (1)
where L, C, and R represent the induction, capacitance, and
resistance, respectively. The current j oscillates in xˆ-yˆ plane.
The driving voltageVF is induced from precessing magneti-
zation of two FIs according to Faraday induction
V Fx (t) =
∑
j
Kc,jLm˙y,j, V
F
y (t) = −
∑
j
Kc,jLm˙x,j, (2)
where j = 1, 2 stands for first and second FI. Kc,j is cou-
pling parameter. The magnetization precession in the mag-
netic samples is governed by the LLG equation10,21,33
m˙j = γjmj ×Hj − αjmj × m˙j, (3)
wheremj = Mj/Ms,j, is the magnetization direction in jth
FI.Ms,j, αj , and γj are the saturation magnetization, the in-
trinsic Gilbert damping parameter and gyromagnetic ratio, re-
spectively. Hj = H0,j+e
iΦjhA is the effective magnetic field
acting on the magnetization in jth FI, where H0,j = H0,j zˆ
is the sum of external, anisotropy and dipolar fields aligned
with zˆ direction. Based on our recent proposed mechanism
of controlling phase Φj by introducing relative phase of mi-
crowaves in the cavity21 and other mechanisms (including
Lenz effect22 and inverted pattern of split ring resonator,24) we
assume Φj to be a free phase parameter
21 and hA = he−iωt.
Usingm = zˆ+m⊥e
−iωt the LLG equation can be linearised
m+j (ω − ωr,j + iαjω) + eiΦjωm,jh+ = 0, (4)
where m+j = mx,j + imy,j is the in-plane magnetization in
jth FI, ωm,j = γjMs,j , FMR frequency is ωr,j ≃ γjH0,j .
The in-plane magnetic field is h+ = hx + ihy. Using the
form j = j⊥e
−iωt for solution of the LCR equation Eq. (1)
we obtain the system of coupled equations
Ω


m+1
m+2
h+

 = 0 with Ω =


ω + iα1ω − ωr,1 0 eiΦ1ωm,1
0 ω + iα2ω − ωr,2 eiΦ2ωm,2
ω2K21 ω
2K22 ω
2 + 2iβωωc − ω2c

 (5)
,
where from Ampere’s law we have the magnetic field of the
microwave, which exerts torque on the FI magnetization
hx = Kmjy , hy = −Kmjx, (6)
withKm being the coupling parameter andKj ≃
√
Kc,jKm.
The cavity frequency is ωc = 1/
√
LC and β = R/ (2Lωc)
stands for the cavity mode damping. From solution of
detΩ = 0 in Eq. (5) we use three positive roots of ω. The
real and imaginary components of ω determine the spectrum
and damping of the system, respectively.
III. RESULTS AND DISCUSSION
We calculate the transmission amplitude using input-output
formalism10,21
Ω


m+1
m+2
h+

 =


0
0
ω2h0

 , S21 = Γh+/h0, (7)
where h0 is the input magnetic field driving the system, Γ is a
normalization parameter.10,21 We first discuss the case, where
magnetic fields on two FIs are detuned with opposite signs
(H0,1(2) = H0± δH) ωr,1,2 = ωr± δω, where δω = 0.05ωc.
We use different Gilbert dampings for FIs, α1 = 3 × 10−5,
α2 = 10
−4, which are relevant with experimental values.22
The cavity mode frequency is ωc/2pi = 13.2 GHz with cavity
damping β = 10−3, ωm,1 = ωm,2 = γMs = 0.36ωc, where
µ0Ms = 0.178T and γ/2pi = 27µ0GHz/T.
22 Coupling con-
stant isK1 = K2 = 0.03. The coloured area in the first row of
Fig. 2 is the transmission amplitude for different values of Φj
as a function of frequencyRe (ω) (normalized by ωc) and uni-
form magnetic field ωr. The dashed lines show the spectrum
Re (ω(ωr)). Corresponding linewidth evolutions are shown
in the second row of Fig. 2. For Φ1 = Φ2 = 0 we reproduce
two distinct anticrossings in Fig. 2 (a) with two characteris-
tic peaks of transmission indicating coupling of two magne-
tizations with the cavity mode.15,16 Linewidth exchange22 be-
tween cavity mode with FI modes at resonant frequencies is
shown in Fig. 2 (d).
In Fig. 2 (b) we show the transmission amplitude and cor-
responding spectrum for Φ1 = pi and Φ2 = 0. It is seen
that while Φ2 = 0 leads to usual coupling with transmission
peaks at anticrossing near ωr = 1.05ωc, the phase parame-
ter (Φ1 = pi) from first FI causes mode level attraction
21,22,24
and coalescence of the modes at two EPs. Corresponding re-
pulsion of linewidth22,24 for Φ1 = pi is shown in Fig. 2 (e),
where the inset shows evolution of the linewidth for second
FI, where the phase parameter is 0. In Fig. 2 (c) and (f) we
plot the spectra of real and imaginary components of ω for
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Figure 2. First row shows the transmission amplitude in case of opposite detuning of the external magnetic field at each FI (ωr,1/ωc =
ωr/ωc + 0.02, ωr,2/ωc = ωr/ωc − 0.02) for (a) Φ1 = Φ2 = 0, (b) Φ1 = pi, Φ2 = 0, and (c) Φ1 = Φ2 = pi. The dashed lines represent the
normalized spectrum (Re (ω) /ωc). (d), (e), and (f) in second row show the normalized damping of the system (Im (ω) /Re (ω)) corresponding
to parameters for (a), (b), and (c), respectively.
Φ1 = Φ2 = pi, respectively. Attraction of real and repulsion
of imaginary components of ω is seen at resonant magnetic
field of both FIs.
After discussing the resonant coherent and dissipative cou-
pling between two FIs and the cavity we move into the dis-
persive regime where the FMR frequencies of FIs are sig-
nificantly detuned from cavity mode |∆| ≡ |ωr,1,2 − ωc| >
K1,2ωm,1,2. We do so by adjusting the magnetic field on FIs
(ωr = 1.05ωc) and study effect of detunings δω (normalized
by ωc) in the dispersive regime. In Fig. 3 (a) we plot the trans-
mission as a function of ω and δω for Φ1 = Φ2 = 0,meaning
that there is no phase shift introduced in either coupled sys-
tem. It is seen that the coupling anticrossings between FMR
modes and cavity mode appear at larger detuning, when the
effective FMR frequencies are in resonance with the cavity
mode. More interestingly, an anticrossing between two FMR
modes appears at δω = 0, which indicates cavity-mediated
coupling between two FIs.15,16 The boxed part of the plot is
zoomed in Fig. 3 (b), where we can see the characteristic an-
ticrossing of two Kittel modes of two FIs.15,16 We can also
observe the "dark" and "bright" modes, where the latter has
larger oscillator strength than the former one15,16,30. In Fig. 3
(c) we plot the imaginary components of ω, that is linewidth
of the system. Characteristic linewidth exchange10,22 be-
tween cavity mode and FMR modes is seen for large detuning
(δω = ±0.05ωc). Similarly, linewidth exchange between two
FMR modes occurs at δω = 0, indicating coherent coupling
between two FIs.
Next, we set one of the phase parameters to be Φ1 = pi
while keeping Φ2 = 0. This corresponds to a situation, when
the second FI is coherently coupled with the cavity while first
one is in dissipative coupling regime.21,22 The transmission
and spectrum for this set of parameters is shown in Fig. 3
(d). According to the phase parameter, the spectrum in first
FI-cavity coupling region (δω = −0.05ωc) shows level attrac-
tion, while level repulsion occurs at second FI-cavity coupling
region (δω = 0.05ωc). As it is seen from boxed area of Fig. 3
(d) and zoomed in Fig. 3 (e) the spectrum of two coupled FIs
also shows level attraction feature, indicating dissipative spin-
spin coupling. An interesting feature of in the transmission
amplitude at this region is that the "dark" and "bright" modes
are formed as a collective mode with phase difference equal
to ±pi/2, which will be discussed in details later. Fig. 3 (f)
shows the corresponding damping dependences on the detun-
ing δω. Inset shows typical damping exchange for FI-2 at pos-
itive detuning (δω/ωc = 0.05) as that in Fig. 3 (c). Beside the
large linewidth repulsion for δω = −0.05ωc, corresponding
to dissipative coupling between the magnetization in FI-1 and
cavity photons, similar feature is seen at δω = 0 for dissipa-
tive spin-spin coupling. In Fig. 3 (g-i) we show the same as
in (d-f) for Φ1 = 0, Φ2 = pi. One can see in Fig. 3 (g) and
zoomed in (h) that the order of "dark" and "bright" modes is
shifted compared to Φ1 = pi, Φ2 = 0 case.
In Fig. 3 (j) (zoomed picture of the boxed part in (k)) we
plot the transmission and the spectrum when both phase pa-
rameters are Φ1 = Φ2 = pi. For large negative/positive values
of the detuning (δω = ±0.05ωc) both FIs’ magnetizations are
dissipatively coupled with the cavity modes. Corresponding
linewidth repulsion is shown in Fig. 3 (l). It is seen in Fig. 3
(j) that, although both FIs are dissipatively coupled with the
cavity mode, the spectrum of cavity-mediated coupling of FIs’
magnetizations shows anticrossing feature. Correspondingly,
as seen from the inset in Fig. 3 (k), the linewidth at δω = 0
show exchange feature in contrast to linewidth repulsion at
δω = ±0.05ωc.
To better understand the spectrum and collective states of
cavity-mediated dissipative magnon-magnon coupling, here
we develop a quantum picture by considering the Hamiltonian
4|S21
2
|S21
2
(c)
m1 ⇄ p
m2 ⇄ p
m1 ⇄ m2
-0.15 -0.10 -0.05 0.00 0.05 0.10 0.15
0
2
4
6
8
10
δω/ωc
Im
(ω
)/
R
e
(ω
)
(1
0
-
4
)
|S21
2
|S21
2
(f)
m2 ⇄ p
m1 ⇄ p
m1 ⇄ m2
-0.10 -0.05 0.00 0.05 0.10
-150
-100
-50
0
50
100
δω/ωc
Im
(ω
)/
R
e
(ω
)
(1
0
-
4
)
0.03 0.05 0.07
0
2
4
6
8
|S21
2
|S21
2
(i)
m
1
⇄ p
m2 ⇄ p
m

⇄ m2
-0 -0.05 0.00 0.05 	

-
-
-50
0
50

δω/ωc
Im
(ω
)/
R
e
(ω
)
(

-
4
)
-0.07 -0.05 -0.03
0
2
4
6
8
|S21
2
|S21
2
(l)
m

⇄ p m2 ⇄ p
m

⇄ m2
-fffi -0.05 0.00 0.05 flffi 
-300
-200
-!"#
0
$%&
δω/ωc
Im
(ω
)/
R
e
(ω
)
('
(
-
4
)
-)*+, 0 -./2
0
5
34
56
Figure 3. First column shows the transmission amplitude dependence on the applied field detuning, where the dashed lines depict the nor-
malized spectrum (Re (ω) /ωc). The second column is the zoom of the white dotted boxes in corresponding plots in the first column. Third
column shows the normalized damping (Im (ω)/ Re (ω)). The parameters are for first raw ((a), (b), (c)) Φ1 = Φ2 = 0, for second raw ((d),
(e), (f)) Φ1 = pi, Φ2 = 0, for third raw ((g), (h), (i)) Φ1 = 0, Φ2 = pi, and for the last raw ((g), (h), (i)) Φ1 = Φ2 = pi.
(~ = 1)
H = H0 +Hg, with
H0 = ωca
†a+
∑
j
ωr,jm
†
jmj,
Hg =
∑
j
gje
iΦj/2
(
a†mj +m
†
ja
)
, (8)
where the first and second terms in H0 stand for cavity pho-
ton and jth (j = 1, 2) FI magnon energy, respectively. ωc is
the cavity mode frequency, ωr,1,2 = ωr ± δω is the FMR
frequency. Hg is the coupling between them. a
(
a†
)
and
mj(m
†
j) are annihilation (creation) operators for cavity pho-
tons and magnons in jth FI, respectively. gj is the coupling
of jth magnetization with cavity and Φj is the phase pa-
rameter with Φj = 0 for coherent coupling
35 and Φj = pi
for dissipative coupling.36) Next, we use Schrieffer-Wolff
transformation37,38
H ′ = eΛHe−Λ = H + [Λ, H ] +
1
2
[Λ, [Λ]] + · · · , (9)
where by choosing a transformation operator Λ such that
Hg + [Λ, H0] = 0. (10)
we eliminate the direct magnon-photon interaction in favour
of higher order (up to second order of gj) coupling be-
tween magnetic moments30,39 in dispersive regime (|∆j | ≡
|ωr,j − ωc| > gj). The transformation operator satisfying
condition Eq. (10) is Λ =
∑
j gje
iΦj/2
(
m†ja− a†mj
)
/∆j .
5From Eq. (9) we obtain
H ′ = Hc +HM , with
Hc = ω
′
ca
†a,
HM =
∑
j
ω′m,jm
†
jmj + geff
(
m†1m2 +m
†
2m1
)
, (11)
whereHc is the cavity energy with ω
′
c = ωc−
∑
j e
iΦjg2j /∆j
is dispersive shift of the cavity frequency. HM in Eq. (11)
being the magnetic Hamiltonian without coupling with cavity,
where
ω′r,j = ωr,j + e
iΦj
g2j
∆j
(12)
is the the Lamb shift of the FMR frequency due to the pres-
ence of virtual photons.30 Effective coupling between two FIs
becomes30,39
geff =
1
2
ei
(Φ1+Φ2)
2 g1g2
(
1
∆1
+
1
∆2
)
. (13)
For simplicity, we consider the case when∆1 = ∆2 ≡ ∆ and
g1 = g2 ≡ g. The eigenvalues ofHM become
E± =
1
2
(
ω′r,1 + ω
′
r,2 ±
√
ωg
)
, with
ωg =
(
ω′r,1 − ω′r,2
)2
+ 4g2eff (14)
Here we discuss four cases: (i) Φ1 = Φ2 = 0, (ii) Φ1 = Φ2 =
pi, (iii) Φ1 = pi, Φ2 = 0, and (iv) Φ1 = 0, Φ2 = pi. It follows
from Eqs. (13, 14) that in two former cases (Φ1 = Φ2 =
0(pi)) ωg > 0. At δω = 0, the higher and lower eigenstates of
Hamiltonian in Eq. (11) can be written in general form as
Ψ± =
1√
2
(
m1 ± ei
(Φ1+Φ2)
2 sgn
(
g2
∆
)
m2
)
, (15)
where Ψ+ and Ψ− correspond to higher and lower energy
states. In the absence of phase shift Φ1,2 = 0, Ψ
+ and Ψ−
correspond do "bright" and "dark" modes, respectively when
sgn
(
g2/∆
)
> 0.15,17,30 Construction of "dark" mode mem-
ory proposed in Ref. 17 is based on fast (faster than magnon
dissipation rate) conversion between the "bright" and "dark"
modes. For Φ1,2 = 0, Eq. (15) reduces to coherent coupling
discussed in Ref. 17. In this case, the conversion between
"dark" and "bright" states can be realized by rapidly tuning
the magnetic bias field,15,17,30 which is prohibited in the ex-
periment due to slow response of the local inductive coils.17 It
follows from Eq. (15) that in our proposal, the conversion can
be realized by tuning the phase parameters Φ1,2. The param-
eters can be tuned by additional microwave applied to FIs21,24
and thus, does not suffer from the slow response of magnetic
field. For positive sign of g2/∆ the "bright" (B) and "dark"
(D) eigenstates become for (i)
B(i) = (m1 +m2) /
√
2, D(i) = (m1 −m2) /
√
2, , (16)
and for (ii)
B(ii) = (m1 −m2) /
√
2, D(ii) = (m1 +m2) /
√
2, (17)
(i7)0-g2/Δ-2g2/Δ
-π/2
-π/4
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π/4
π/2
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ϕ
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Figure 4. Dependence of phase shift on detuning. Upper frame
ranges from 0 (EP1) to 2g2/∆ (EP2) for (iii) and lower frame ranges
from −2g2/∆ (EP1) to 0 (EP2) for (iv). Arrows in cartoon demon-
strate the phase difference between two magnetization in collective
mode. Red dotes correspond to values for the cartoons.
Opposite order of "dark" and "bright" collective modes is
shown in Fig. 3 (b) and (k), where the former one corresponds
to (i) and the latter one is for (ii).
We now move to discussion of the cavity-mediated cou-
pling between two FIs when one of the magnetization is cou-
pled to the cavity dissipatively, while other is coherently cou-
pled, corresponding to (iii) and (iv). From Eq. (13) the effec-
tive coupling (geff ) in this case becomes imaginary, which,
in analogy with dissipative coupling in Eq. (8), leads to level
attraction between two FMR modes and coalescence at EPs.
This feature is shown Fig. 3 (e) for (iii) and (h) for (iv). Co-
alesced two energy levels at EPs lead to coalescing of two
eigenstates at EPs and a single eigenvectorwith a single eigen-
value survives.21,23,36,40 It follows from Eq. (14) that the band
closing at EPs occurs when ωg = 0. Taking into account the
Lamb shift of the FMR frequencies (Eq. (12)), positions of the
EPs for (iii) are δω = 0 and δω = 2g2/∆ (Fig. 3 (e)). Simi-
larly, the EPs for (iv) are at δω = −2g2/∆ and δω = 0 (see
Fig. 3 (h)). The eigenstates at range of coupling bandwidth
(frequencies between two EPs) for (iii) and (iv) are calculated
to be
Ψ(iii) =
(
m1 + e
iφ(iii)m2
)
/
√
2,
Ψ(iv) =
(
m1 + e
iφ(iv)m2
)
/
√
2 (18)
where φ(iii,iv) is the phase leg between two modes. Depen-
dence of the phase difference between two modes in collective
mode is shown in Fig. 4. It is seen that by tuning the detuning
δω from 0 (−2g2/∆) to 2g2/∆ (0) for (iii) ((iv)), we can shift
the chirality of the state. Moreover, the same point δω = 0
has opposite chirality for (iii) and (iv). The eigenstates at the
EPs are calculated to be
B(iii) = (m1 − im2) /
√
2, D(iii) = (m1 + im2) /
√
2,
B(iv) = (m1 + im2) /
√
2, D(iv) = (m1 − im2) /
√
2.
(19)
6It follows fromEqs. (16, 19) that fast switching ofΦi allows to
construct "dark" mode memory based on switching between
collective modes with phase difference 0 to pi, as well as be-
tween pi/2 to −pi/2.
In summary, we study dispersive coupling between magne-
tizations of two FIs mediated by dissipative spin-photon cou-
pling. We show that when only one of the spin modes is dissi-
patively coupled to the cavity mode, the cavity mediated spin-
spin coupling becomes dissipative, where the energy levels of
two spin modes attract to each other. Varying the phase pa-
rameters in both FIs allows to construct "bright" and "dark"
modes with tunable phase shift between two spin modes. Chi-
ral modes with controllable chirality can be constructed when
only one of FIs is under the action of phase shifted field.
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